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Abstract

1 In tro duction

When a theoretical computer scien tist asks me m y area of researc h, I usually

sa y complexit y theory . This is often follo w ed b y the question �what kind of

complexit y theory� to whic h I inevitably reply �inside P�. And usually the

questioning stops there. In this brief surv ey , I w ould lik e to go further, and

describ e some of m y fa v ourite complexit y classes. They all lie in the range

b et w een NC

1
and A C

1
; hence this title. I cannot ev en b egin to attempt b eing

�
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exhaustiv e, and I ap ologize in adv ance to those whose fa v ourite results I ha v e

omitted. Muc h of this material (and m uc h more!) can b e found in the text

[42] and the surv eys [1, 23 ].

2 Principal classes b et w een NC

1
and A C

1

Consider (uniform) families of p olynomial size log depth circuits with in ternal

AND and OR gates, and literals / constan ts at the lea v es. (No in ternal

negations, without loss of generalit y). Restricting the gates to ha v e constan t

fanin giv es the complexit y class NC

1
; lea ving it unrestricted (limited, of

course, b y the circuit size itself ) giv es A C

1
.

Without loss of generalit y , w e can assume that our circuits are la y ered:

gates app ear in la y ers, and wires connect adjacen t la y ers in one direction.

The maxim um n um b er of gates at an y one la y er of the circuit is called the

width of the circuit.

Sev eral w ell-kno wn classes are sandwic hed in b et w een; let's tak e a lo ok

at eac h of these.

LogDCFL
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Figure 1: The landscap e b et w een NC

1
and A C

1

2.1 NC

1

A t the lo w er end, w e b egin with the class NC

1
. NC

1
has man y equiv alen t

c haracterizations. It equals the class of languages accepted b y

� alternating T uring mac hines in logarithmic time ALOGTIME (under

appropriate uniformit y conditions). ([34 ])

� p oly size programs o v er �nite monoids BP-M.

A program o v er a monoid M = ( S;� ) is a list of instructions of the

form hi; a; bi where i 2 [n], a; b2 S. The instruction hi; a; bi , on input

x 2 f 0; 1gn
, ev aluates to a if x i = 1 , to b otherwise. The en tire program,
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on input x 2 f 0; 1gn
, th us constructs a w ord w 2 S�

. The program

accepts x if w ev aluates to a designated v alue in M .

A simple divide-and-conquer approac h establishes that programs o v er

�nite monoids can b e ev aluated in NC

1
. Barrington [4] established the

con v erse b y sho wing that o v er an y non-solv able group, w ords can b e

constructed to co de logical AND and negation. In particular, he used

the p erm utation group S5 ; th us programs o v er this group are complete

for NC

1
.

� b ounded-width p oly size branc hing programs BWBP .

These are constan t-width la y ered graphs (one for eac h input length)

with designated start and �nish v ertices s; t , and edges lab elled b y

literals or constan ts. An input is accepted if the corresp onding graph

has an st path where all edges are lab elled b y 1 or true literals.

It is folklore (and easy to see) that programs o v er monoids can b e

describ ed in this form, and vice v ersa.

Suc h programs are also equiv alen t to sk ew circuits, where OR gates are

unrestricted but AND gates can ha v e at most one input that is not a

literal or a constan t.

� b ounded-width p oly size circuits SC

0
.

SC is the class of p olynomial size p oly logarithmic width circuits (width

O(logi n) for SCi). (Again, wlog the circuits can b e assumed to ha v e

negations only at the lea v es.) In sim ulating a circuit b y a T uring ma-

c hine, width roughly translates to space and size to time; th us SC corre-

sp onds in the uniform setting to a sim ultaneous time-space b ound. (SC

stands for Stev e's Classes, named after Stephen Co ok who pro v ed the

�rst non-trivial result ab out p olynomial time log-squared space PLoSS,

i.e. SC2, in [11]. See for instance [22 ]). As describ ed ab o v e, Barring-

ton's result places NC

1
inside sk ew SC

0
. But ev en non-sk ew SC

0
is

easily seen to b e inside NC

1
, since only a constan t amoun t of memory

is needed to ev aluate the gates of the circuit la y er b y la y er. Th us SC

0

equals NC

1
.

� p oly size form ulae F, ev en when restricted to log-width form ula L WF.

A form ula is a circuit where eac h gate has fanout at most 1. NC

1
cir-

cuits can b e con v erted to form ulae b y duplication; the blo w-up in size is

still within a p olynomial. Con v ersely , an y form ula can b e restructured

in to an equiv alen t one with p olynomial blo w-up in size and logarithmic

depth; a non-uniform w a y to do this w as �rst describ ed in [7, 35 ], while

it can b e done uniformly as in [28]. F urther, an y log depth form ula can
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b e restructured to log width (at the exp ense of depth, of course), as

observ ed in [20 ]; th us L WF = F = NC

1
.

� predicates expressed in �rst-order logic, augmen ted with a group quan-

ti�er or a monoidal quan ti�er QG o v er an y non-solv able group G,

F O[ QG ]. [28].

2.2 A C

1

A t the higher end, w e ha v e A C

1
. Less is kno wn ab out A C

1
; it equals the

class of languages accepted b y

� alternating T uring mac hines using logarithmic space and making at

most logarithmic alternations b et w een univ ersal and existen tial states

on an y computation path ASP ,AL T(log,log) (under appropriate unifor-

mit y conditions).

� Concurren t read, concurren t write PRAMs w orking in logarithmic time

with p olynomially man y pro cessors.

No w consider the in termediate classes.

2.3 DLOG

DLOG is the class of languages accepted b y deterministic logspace mac hines.

It also equals the class of languages accepted b y log width p oly size circuits

SC

1
. DLOG equals sen tences expressible in F O augmen ted with deterministic

transitiv e closure F O[DTC], [18], and it follo ws from [32 ] that DLOG also

equals F O + symmetric transitiv e closure F O[STC].

2.4 NLOG

NLOG is the class of languages accepted b y nondeterministic logspace ma-

c hines. The inductiv e coun ting tec hnique of Immerman and Szelep csén yi

[19, 37] sho ws that NLOG is closed under complemen tation. An equiv alen t

form ulations of NLOG is the class of languages accepted b y uniform p oly size

sk ew circuits (or branc hing programs); see [39]. In descriptiv e complexit y ,

NLOG is c haracterized b y sen tences in �rst-order logic with p ositiv e transi-

tiv e closure F O[p os TC], see [18].

4



2.5 LogCFL

LogCFL, b y de�nition, is the class of languages reducible via logspace man y-

one reductions to some con text-free language. It follo ws that eac h suc h lan-

guage can b e accepted b y a mac hine whic h has logspace to p erform the

reduction, and a nondeterministic �nite con trol and a stac k to then parse

the CFL in p olynomial time. Suc h mac hines are called AuxPD A(p oly), and

Sudb orough sho w ed that they accept exactly LogCFL ([36]). That is, al-

lo wing arbitrary in terlea ving of the t w o t yp es of computation in v olv ed �

(1) deterministic logspace reduction, and (2) nondeterministic PD A � is no

more p o w erful than p erforming these t w o phases sequen tially . (An aside: the

p olynomial time restriction is necessary , since Co ok [10 ] sho w ed that in un-

b ounded time, and ev en in exp onen tial time, deterministic PD A augmen ted

with logspace w orktap e capture all of P .)

Using the notion of realizable pairs of surface con�gurations, Ruzzo sho w ed

[33] that AuxPD A(p oly) can b e sim ulated b y alternating TMs using logspace

and ha ving p oly-sized pro of trees. What is a pro of-tree? Consider the com-

putation graph of a logspace-b ounded A TM, where no des are time-stamp ed

con�gurations. (The logspace b ound ensures a p oly-sized graph; the time-

stamping ensures that the graph is acyclic.) T o pro v e that it accepts its

input, it su�ces to sho w a sub-graph that con tains (1) the initial con�gura-

tion, (2) b oth c hildren of eac h univ ersal no de included, (3) at least one c hild

of eac h existen tial no de included, and (4) only accepting con�gurations as

lea v es. Suc h a sub-graph, unfolded or expanded out b y duplicating no des if

necessary so that it is a tree, is what w e call a pro of-tree. It is easy to see

that p oly-sized graphs can ha v e exp onen tial-sized pro of-trees. Ruzzo's pro of

sho ws that to describ e the computations of AuxPD A(p oly), p oly-sized pro of

trees su�ce. Con v ersely , if a logspace-b ounded A TM has, for eac h accepted

input, a pro of-tree of size at most t(n) , then an AuxPD A can accept the

same language in time t(n) . Th us w e ha v e a c haracterization of LogCFL

via A TMs: LogCFL = ASP ,TRSZ(log,p oly). Note that the ab o v e pro of-tree

de�nition can b e applied to circuits as w ell. Using a v ery nice tree-cutting

argumen t, V enk atesw aran sho w ed [38] that a p oly-sized circuit of an y depth,

but with a p oly-size b ound on its pro of trees, can b e �attened to log depth,

at the cost of increasing the fanin of OR gates. This is the circuit class SA C

1
,

semi-un b ounded alternating circuits. The con v erse sim ulation is direct, giv-

ing ASP ,TRSZ(log,p oly)=SA C

1
.

An in teresting o�sho ot of V enk atesw aran's construction is that eac h Aux-

PD A(p oly) can b e sim ulated b y an AuxPD A(p oly) whose stac k heigh t nev er

gro ws b ey ond O(log2 n) . (Only O(logn) pairs of surface con�gurations, eac h

needing O(logn) bits, need to b e stac k ed.)
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More recen tly , in [27], McKenzie, Rienhardt and Vina y ga v e a direct

pro of that ASP ,TRSZ(log,p oly) is in LogCFL, th us eliminating the need for

the elab orate construction of Sudb orough.

The class of all CFLs is not closed under complemen tation. Nonetheless,

one could exp ect that a logspace reduction closure captures complemen ts

as w ell, and indeed this is the case. In terestingly , none of the ab o v e forms

directly sho w that LogCFL is closed under complemen tation. The SA C

1

form ulation w as used b y Boro din et al [6] to apply inductiv e coun ting and

th us establish this closure. This closure captures a certain symmetry b et w een

the OR and AND op erators: as long as one of them has b ounded arit y , w e

are within LogCFL.

Bedard, Lemieux and McKenzie ga v e y et another c haracterization of

LogCFL in [5]. Generalising the programs-o v er-monoids framew ork of Bar-

rington, they sho w that LogCFL equals languages accepted b y programs o v er

group oids. These are algebraic structures where a non-asso ciativ e binary op-

erator * on a set A is de�ned. Giv en a w ord w 2 A �
, consider all p ossible

w a ys of paren thesising it to apply *. These di�eren t w a ys yield a set of p os-

sible v alues S(w). A cceptance is de�ned in terms of S(w) con taining some

designated elemen t, or equalling some designated set. By imp osing syn tactic

conditions on programs o v er group oids, NC

1
, DLOG and NLOG can also b e

captured in this framew ork [5, 25 ].

The framew ork of [5] directly leads to a logical c haracterization as w ell:

LogCFL is exactly those languages whose mem b ership is expressible in �rst-

order logic augmen ted b y group oidal quan ti�ers. A more detailed treatmen t

of this c haracterization can b e found in [24].

2.6 LogDCFL

LogDCFL is the class of languages reducible via logspace man y-one reduc-

tions to some deterministic con text-free language. As in the case of LogCFL,

the t w o computation phases in deciding mem b ership in a LogDCFL language

can b e in terlea v ed [36]; th us LogDCFL equals D AuxPD A(p oly). It is also

c haracterized in the PRAM mo del: it is the restriction of A C

1
to concurren t

read o wner-write (CR O W) PRAMs, see [15, 16 ]. One of the most non-trivial

prop erties ab out LogDCFL is that it is con tained in SC

2
; this w as sho wn b y

Co ok in [11]. No sub class of NC con taining LogDCFL is kno wn to b e inside

SC, though a p ossibly incomparable c h unk of NC consisting of randomized

(b ounded t w o-sided error) logspace is also kno wn to b e in SC [30 ]. Surpris-

ingly , w e do not y et kno w ho w to com bine these t w o constructions to place

randomized p oly time AuxPD A inside SC.
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2.7 A formal language view

F or man y reasons, A C

1
is not as in teresting formally as the classes within

it. The main reason is to do with pro of-tree size: A C

1
circuits can ha v e

exp onen tially large pro of trees. This crucially impacts arithmetic v ersions

of these circuits; w e will come to that shortly . Another is that there is no

neat c haracterization of A C

1
via formal language classes. F rom the formal-

language-theoretic p oin t of view, w e ha v e the follo wing con tainmen t diagram:

DCFL

((QQQQQQQQQQQQQ

Regular

//
Det Linear CFLs: DLin

44hhhhhhhhhhhhhhhhhhhh

**VVVVVVVVVVVVVVVVVVV CFLs

Linear CFLs: Lin

66mmmmmmmmmmmmm

Figure 2: F ormal Language Classes

All the con tainmen ts are prop er, and DCFL and Lin are incomparable.

Applying v ery w eak closures to these classes � uniform F O pro jections � giv es

exactly the complexit y classes of Figure 1 . Notice that A C

1
is not co v ered

here. The jump from CFLs to con text-sensitiv e languages is to o big; closure

of CSLs giv es all of PSP A CE. W e need something m uc h smaller to capture

exactly A C

1
.

2.8 Completeness

Here is a partial list of problems complete for eac h of these classes:

LogCFL Blo c kChoice(Dyc k-2), the hardest CFL: Giv en a sequence of blo c ks,

eac h con taining a list of strings, can w e pic k exactly one string from

eac h blo c k so that their concatenation, in that order, is in Dyc k-2 (the

language of balanced paren theses with t w o t yp es of paren theses)?

Non-zero T ame T ensor F orm ula [13 ]: Giv en a tensor form ula satisfying

a certain �tameness� prop ert y , determine whether it is non-zero.

Semi-extended regular expression mem b ership [31]: Giv en an expres-

sion r o v er some alphab et � where r is lik e a regular expression but is

also allo w ed to use \ , and giv en a string x 2 � �
, determine whether

x 2 L(r ) .

NLOG Reac habilit y in a directed acyclic graph.

2-CNF-SA T.
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Regular expression mem b ership [21 ]: Giv en a regular expression r o v er

some alphab et � and a string x 2 � �
, determine whether x 2 L(r ) .

LogDCFL Blo c kChoice(Dyc k-2), the hardest DCFL: let Dyc k-2 b e o v er

f a; b; c; dg with a and c op ening, and matc hed b y b and d resp ectiv ely .

Giv en a string x0 2 (a + c)+
, and a sequence of blo c ks B1; : : : ; Bk eac h

consisting of one string in b(a + c)�
and one in d(a + c)�

, can w e pic k

exactly one string from eac h blo c k so that their concatenation, with x0 ,

is in Dyc k-2?

DLOG Reac habilit y in an undirected graph, presen ted b y its adjacency lists.

[32]

Remains hard ev en if the graph is a t w o-tree forest. [12]

Bipartiteness: giv en an undirected graph, determine if it is bipartite.

NC

1
Reac habilit y in a b ounded-width la y ered graph.

The Bo olean F orm ula V alue problem.

The w ord problem o v er the group S5 (for that matter, o v er an y �nite

non-solv able monoid).

Fixed Regular expression mem b ership: F or a �xed regular expression

r o v er some alphab et � , giv en a string x 2 � �
, determine whether

x 2 L(r ) .

3 Lesser-kno wn classes

By v arying parameters appropriately b et w een NC

1
and LogCFL, w e get some

lesser-kno wn classes in this range:

3.1 Syn tactic restrictions

� BP-width: Within p olysize, constan t-width BPs giv es NC

1
and un-

b ounded width BPs giv e NLOG. One could th us consider width w(n)
BPs, for w a function of n . Vina y sho w ed [41 ] that for eac h p olylog

w 2 O(logni ) , the corresp onding class is closed under complemen t.

But nothing m uc h more is kno wn. F or instance, ev en the smallest class

here, log-width BPs, lying b et w een NC

1
and DLOG, is not kno wn to

capture an y natural problem in this range.

� OR fanin: Within p oly size log depth circuits with constan t AND fanin,

v arying OR fanin from constan t to p olynomial tak es us from NC

1
to

SA C

1
(i.e. LogCFL). What ab out OR fanin f (n) where f is, sa y , p oly-

log? Again, Vina y sho w ed closure under complemen t, [41]. Also, just
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as SA C

1
con tains NLOG (at f = p oly), eac h of these classes con tains

the corresp onding BP-width-constrained class describ ed ab o v e. But do

they capture an y natural problems?

� Circuit-width: Constraining circuit width alone to p olylog giv es the

SC hierarc h y , and v ery little of the NC hierarc h y is kno wn to lie within

it. Ho w ev er, the de�ning prop ert y separating LogCFL from P is p oly

size pro of trees (also referred to as p oly degree). One could com bine a

width restriction with a degree restriction to obtain a sub-hierarc h y of

SC within LogCFL. Lima y e et al [26] de�ne what they call small SC de-

noted sSC: its i th lev el has p oly size p oly degree O(logi ) width circuits.

Again, eac h lev el here con tains the corresp onding width-constrained

BPs, though no relationship with the constrained-OR-fanin circuits is

kno wn. Though these classes are not y et kno wn to b e closed under

complemen t, [26] sho ws that co-sSC

i
is in sSC

2i
. A t the smallest lev el,

sSC

0
equals SC

0
, but it is not kno wn whether sSC

1
is as p o w erful as

SC

1
.

3.2 Language/Automata-theoretic constructs

� Let us tak e a closer lo ok at Figures 1, 2. NC

1
equals the closure of

regular languages. Y et some non-trivial non-regular CFL families are

included in it. These include paren thesis languages [8], visibly push-

do wn languages VPLs [3, 14], linear CFLs with an LL[1] condition

[17]. (Imp osing an LR[1] condition is what corresp onds to determin-

ism. Th us CFLs with an LR[1] condition equal DCFLs, linear CFLs

with an LR[1] condition equal languages accepted b y 1-turn DPD A,

usually referred to as deterministic linear languages.)

Let me highligh t the mem b ership in NC

1
of VPLs. Firstly , what are

VPLs? These are languages accepted b y visibly pushdo wn automata

VP As. So what are VP As? These are PD As with no " mo v es, where

the stac k mo v emen t (push / no c hange / p op) is dictated solely b y the

input letter b eing read. They are clearly stronger than NF As (they can

accept anbn
: push on a, p op on b), but also w eak er than PD As (they

cannot accept anban
: is a a push letter or a p op letter?). In [3], it w as

sho wn that VP As can b e determinized; th us VPLs are in DCFLs. But

w ell b efore this w as kno wn, these languages had b een studied under

the name input-driv en languages. Dymond ga v e a nice construction

[14] sho wing that they are in fact in NC

1
. His approac h is generic and

w orks not just for VP As but for an y PD A satisfying the follo wing:
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1. no " mo v es,

2. an accepting run should end with an empt y stac k,

3. the heigh t of the pushdo wn, after pro cessing i letters of the input,

should b e computable in NC

1
. If there is more than one run

(nondeterministic PD A), and if the heigh t pro�les across di�eren t

runs are di�eren t, then the heigh ts computed should b e consisten t

with a single run. F urthermore, if there is an accepting run, then

the heigh ts computed should b e consisten t with some accepting

run.

F or suc h PD A, Dymond transforms the problem of recognition to an

instance of form ula v alue problem, and then in v ok es Buss's ALogTime

algorithm [8 ] for it.

VP As satisfy these conditions (with appropriate padding to satisfy con-

dition (2)). But m uc h more can b e ac hiev ed via condition (3). The

heigh t pro�les of all runs in a VP A are the same, and can b e com-

puted in TC0. Understanding exactly what can b e placed inside NC

1

b y carefully using Dymond's pro of is a nice question.

An in teresting prop er generalization of VP As are what Caucal in tro-

duced in [9] and calls sync hronized PD A. Languages accepted b y these

are con tained in DPD A but incomparable with DLin. Do es their clo-

sure create a new class b et w een NC

1
and LogDCFL, or do es it collapse

to one of these or ev en to DLOG?

� The fact that the logspace closure of Lin is NLOG is in teresting. The

mac hine mo del for Linear CFLs is PD A whic h, on eac h run, mak e at

most 1 turn on the stac k. That is, no stac k sym b ols are pushed after

the �rst p op mo v e. Th us the mac hine mo del for the logspace closure of

Lin is AuxPD A(p oly) making 1-turn in stac k mo v emen t. This suggests

a �ne gradation b et w een NLOG and LogCFL parameterized b y the

n um b er of turns the AuxPD A is allo w ed to mak e. A similar gradation

arises b et w een DLOG and LogDCFL b y considering the deterministic

coun terpart.

3.3 Coun ting constructs

� Unam biguit y: Bet w een DLOG and NLOG lies, quite naturally , unam-

biguous logspace ULOG. Similarly , LogUCFL lies b et w een LogDCFL

and LogCFL. In terestingly , the corresp ondence b et w een the formal lan-

guage class and the complexit y class is not kno wn to hold here: the
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logspace closure of unam biguous CFLs viz. LogUCFL, is con tained in

unam biguous logspace mac hines UAuxPD A(p oly), but the con v erse is

not kno wn, and similarly for unam biguous Linear CFLs. There are

also close relationships in the PRAM mo del: while LogDCFL is c har-

acterized b y log time CR O W PRAMs, LogUCFL is con tained in b y log

time CREW PRAMs, whic h corresp ond to a strong form of unam bi-

guit y in A C

1
circuits. There are sev eral subtleties in the de�nition of

unam biguous mac hines/circuits: is there at most one accepting path,

or at most one path from the initial to an y con�guration, or at most

one path b et w een an y pair of con�gurations? F or more ab out these

n uances, see [23, 29].

� Randomization: Bet w een ULOG and NLOG lies one-sided-error ran-

domized logspace RLOG: either none, or o v erwhelmingly man y , accept-

ing runs. Nisan sho w ed [30] that RLOG (and ev en its t w o-sided-error

v ersion) is con tained in SC

2
. No class ab o v e RLOG is kno wn to b e in

SC. A natural con tainmen t to exp ect, since LogDCFL is also in SC

2
,

is that randomized LogCFL, RLogCFL, is also in SC

2
. So far this has

not b een sho wn to hold. But another in teresting set of questions here

is to do with the appropriate de�nition of RLogCFL itself. LogCFL

has m ultiple c haracterizations, eac h of whic h can b e randomized to giv e

comp eting de�nitions for RLogCFL:

1. a randomized logspace reduction to some CFL

2. a randomized AuxPD A(p oly) with b ounded error

3. a randomized AuxPD A(p oly) with stac k-heigh t b ounded b y O(log2 n)
and b ounded error

4. an SA C

1
circuit with p olynomially man y supplemen tary random

input bits, and b ounded error

Whic h of these truly re�ects RLogCFL?

4 Arithmetization

In this section, I will brie�y discuss arithmetizations of these classes o v er

in tegers. There are t w o standard w a ys to arithmetize a circuit class: (1) as-

suming there are negations only at the lea v es, replace AND and OR gates b y

� and + gates resp ectiv ely , or (2) coun t the n um b er of pro of-trees. Both giv e

the same class of functions. Equiv alen t mo dels can b e appropriately arith-

metized: F or programs o v er monoids, consider an NF A corresp onding to
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the monoid, view the instructions as pro jections transforming an input, and

coun t the n um b er of accepting paths of the NF A on the transformed v ersion.

F or branc hing programs, coun t the n um b er of st paths. F or LogCFL, coun t

the n um b er of parse trees in the target CFL. F or NLOG and AuxPD A(p oly),

coun t the n um b er of accepting paths. And so on.

The arithmetization of A C

1
is not v ery in teresting. Within log depth, a

circuit can, starting with 0s and 1s, compute n um b ers that need exp onen tially

man y bits in their binary represen tation. This is b ecause they can ha v e

exp onen tially large pro of trees. F or feasible computation, w e ma y b e justi�ed

in restricting atten tion to p oly size arithmetic circuits that compute n um b ers

with feasible represen tation. This corresp onds to p oly size circuits with p oly

degree, and o v er in tegers, is essen tially the same as V alian t's class VP . It

also corresp onds directly to an arithmetization of one c haracterization of

LogCFL, namely , ASP ,TRSZ(log,p oly).

In terestingly , all arithmetizations of LogCFL coincide: p oly size p oly

degree arith circuits, p oly size log depth #SA C

1
, n um b er of accepting paths

in AuxPD A(p oly) mac hines, n um b er of parse trees in a CFL, n um b er of

go o d paren thesizations of a w ord o v er a group oid. V enk atesw aran's tree-

cutting construction [38] placing LogCFL in SA C

1
is not parsimonious; it

do es not giv e a one-to-one corresp ondence b et w een accepting paths of the

AuxPD A(p oly) mac hine and pro of trees of the SA C

1
circuit. T o establish the

equiv alence of #AuxPD A(p oly) and #SA C

1
, t w o indep enden t and di�eren t

constructions w ere describ ed b y [40] and [29 ] (see also [2]). These can also b e

though t of as tree-cutting, but the cuts are applied more carefully to uniquely

halv e the degree in a constan t n um b er of stages. Since these tec hniques apply

to the Bo olean case as w ell, w e ha v e three di�eren t pro ofs that LogCFL is in

SA C

1
.

Since un b ounded addition and b ounded m ultiplication are b oth in NC

1
,

it is easy to see that #SA C

1
is in Bo olean NC

2
.

Ov er NLOG to o, the t w o arithmetizations coincide: n um b er of accepting

paths in an NLOG mac hine, and n um b er of pro of trees in a p oly size sk ew

circuit, b oth giv e the function class #L.

F or LogDCFL and DLOG, it is not clear ho w to de�ne an arithmetic v er-

sion. One p ossibilit y is to consider functional v ersions FLOG and FLogD-

CFL. But this is not en tirely satisfactory b ecause in this kind of frame-

w ork, w e exp ect arithmetization to yield more p o w er. Another p ossibilit y for

DLOG is to consider #SC

1
, since DLOG equals SC

1
. But #SC

1
can compute

infeasible v alues, so this is an unreasonable class. Y et another p ossibilit y is to

consider p oly degree SC

1
circuits, #sSC

1
. But it is not ev en kno wn whether

sSC

1
is as p o w erful as SC

1
, so w e ma y b e restricting ourselv es to o m uc h this

w a y . An in teresting spin on #sSC

1
is that it is con tained in b oth #SA C

1

12



and Bo olean SC

2
. Th us, in v erting the question of �Ho w m uc h of NC is in

SC?�, it giv es a piece of SC inside NC.

A t NC

1
, the picture is considerably m urkier. Recall that Bo olean NC

1
has

m ultiple c haracterizations. #NC

1
as log depth arithmetic circuits has b een

studied quite a bit since �rst formally de�ned in CMTV. There it is sho wn

that #BWBP equals #BP-M (or #BP-NF A, as referred to in [26 ]), con tains

functional NC

1
, and is con tained in #NC

1
. But the rev erse con tainmen ts are

still in triguingly op en; w e kno w that #NC

1
can b e computed b y Bo olean p oly

size circuits of b ounded fanin and depth O(logn log� n) , but the log� n factor

remains. Ho w ev er, if the constan t -1 is allo w ed, w e get the classes GapNC

1

and GapBWBP , and these are kno wn to coincide, and they are con tained in

FLOG.

It turns out that #L WF and #F b oth equal #NC

1
. On the other hand,

#BP-VP A equals #BWBP: adding a visibly pushdo wn stac k to an NF A

not only do es not increase the complexit y of the language class, it do es

not increase the complexit y of the coun ting function class as w ell. Another

arithmetization of a class equiv alen t to NC

1
is #sSC

0
; this con tains #BWBP

and is con tained in FLOG, but no relationship to #NC

1
is kno wn. These

results are describ ed in [26].

Language classes can b e de�ned based on these arithmetizations; the

predicates t ypically applied to NC

1
and NLOG are:

Is the # function greater than 0? yielding NC

1
, NLOG

Is the Gap function greater than 0? yielding PNC

1
, PL

Are t w o # (or Gap) functions equal? yielding C=NC

1
, C=L

With these predicates, the m ultitude of arithmetic classes around NC

1

giv es rise to a host of language classes b et w een NC

1
and DLOG. I hop e that

the true picture is considerably simpler.
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